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1. Introduction
We consider the fourth order nonlinear Schrödinger type equation (4NLS) on the torus T= R/2πZ:
{
i∂tψ + ∂2xψ + ν∂4xψ =N
(
ψ,ψ,∂xψ,∂xψ,∂
2
xψ,∂
2
xψ
)
,
ψ(0, x) = φ(x), x ∈ T, (1)
where ∂t = ∂/∂t , ∂x = ∂/∂x, ψ :R× T → C is an unknown function, and φ :T → C is a given function.
The nonlinear term N is given by
N (ψ,ψ, . . . , ∂2xψ,∂2xψ)
= λ1|ψ |2ψ + λ2|ψ |4ψ + λ3(∂xψ)2ψ + λ4|∂xψ |2ψ + λ5ψ2∂2xψ + λ6|ψ |2∂2xψ,
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J. Segata / J. Differential Equations 252 (2012) 5994–6011 5995where ν = 0 and λ j , j = 1, . . . ,6, are real constants. Eq. (1) arises in the context of a motion of vortex
ﬁlament. More precisely, using the localized induction approximation, Da Rios [5] proposed some
equation which approximates the three-dimensional motion of an isolated vortex ﬁlament embedded
in an inviscid incompressible ﬂuid ﬁlling an inﬁnite region. The Da Rios equation is reduced to the
cubic nonlinear Schrödinger equation
i∂tψ + ∂2xψ = −
1
2
|ψ |2ψ, (t, x) ∈ R× T, (2)
via the Hasimoto transform [9]. To describe the motion of actual vortex ﬁlament more precisely, some
detailed models taking into account the effect from higher order corrections of equation have been
introduced by Fukumoto and Moffatt [7]. The Fukumoto–Moffatt equation is rewritten as (1) by using
the Hasimoto transform. For the physical background of (1), see Fukumoto and Moffatt [7].
In this paper we consider the time local well-posedness for (1) on the Sobolev spaces Hm(T). Our
notion of well-posedness contains the existence and uniqueness of the solution and the continuity
of the data-to-solution map. We also consider the persistent property of the solution, that is, the
solution describes a continuous curve in Hm(T) whenever φ ∈ Hm(T). Our motivation to consider
the time local well-posedness for (1) is that we are interested in the stability of the standing wave
solution ψ(t, x) = eiωtϕω(x) to (1). When (1) is completely integrable (see the later half of this section
below for the details), (1) has a sech-type standing wave solution. The orbital stability in Hm(R) of
the sech-type standing wave solution is proved in [20]. On the other hand we easily see that (1) has
an exact periodic standing wave solution of the form ψ(t, x) = κeiτ x+iωt for some real constants κ , τ
and ω. It is interesting that the sech-type standing wave and the periodic standing wave correspond
to the tornado like curve and the helicoid curve in the motion of the vortex ﬁlament, see Kida [16].
For the ﬁrst step to show the orbital stability of the sech-type and the periodic standing wave, we
need to prove the global well-posedness for (1) in the Sobolev spaces on the real line R and on the
torus T, respectively. Concerning the local well-posedness of (1) on real line R, in [23,11,24,12,25] it
was shown that the initial value problem of (1) is locally well-posed in Sobolev space Hs(R) with
s > 1/2 by using the Fourier restriction method introduced by Bourgain [3] and Kenig, Ponce, and
Vega [14,15]. As far as we know, there is no result on the well-posedness of (1) under the periodic
boundary condition.
In this paper we focus on the well-posedness of (1) on the torus. There is a large literature
on the well-posedness for the dispersive equations in the torus. See for instance [6,13,19,21] for
the linear dispersive equations and [1,3,4,8,10,22,26,27] for the nonlinear dispersive equations. We
summarize the well-posedness on the derivative nonlinear Schrödinger equation with the periodic
boundary condition. Tsutsumi and Fukuda [26,27] proved the local and global well-posedness for
the Schrödinger equation with some nonlinearity on the torus by using the classical energy method.
Grünrock and Herr [8] and Herr [10] obtained sharp well-posedness results for some derivative non-
linear Schrödinger equation on the torus by using the Fourier restriction method. The well-posedness
of the Schrödinger equation for more general derivative nonlinearity in the n-dimensional torus was
given by Chihara [4]. We note that the classical energy method does not work in his setting. Chihara
conquered this problem by using the pseudo-differential operators with non-smooth coeﬃcients on
the torus.
As pointed out by Doi [6], the existence of trapped geodesics breaks the smoothing effect for the
Schrödinger equation. This fact indicates that the dispersive equations on the torus do not have ﬁne
smoothing properties such as the Kato local smoothing effect for the real line case. Therefore the
proof of the well-posedness on the torus becomes increasingly harder than the real line case. To state
our results, we introduce several notations. Given a function ψ on T, we deﬁne the Fourier coeﬃcient
of ψ , by
ψˆ(n) = 1√
2π
2π∫
ψ(x)e−inx dx, n ∈ Z.0
5996 J. Segata / J. Differential Equations 252 (2012) 5994–6011Let m be a non-negative integer. Hm(T) denotes the all tempered distributions on T satisfying
‖ψ‖Hmx =
(∑
n∈Z
〈n〉2m∣∣ψˆ(n)∣∣2)1/2 < +∞,
where 〈n〉 = √1+ n2.
The main result in this paper is the following:
Theorem 1.1. Letm 4 be an integer. Then (1) is locally well-posed in the following sense: For any φ ∈ Hm(T),
there exist a time T = T (‖φ‖Hm ) > 0 and a unique solution ψ of (1) satisfying
ψ ∈ C([0, T ); Hm(T)).
Moreover, the data-to-solution map Hm(T) → C([0, T ]; Hm(T)) (φ 
→ ψ(t)) is continuous.
The diﬃculty to guarantee local well-posedness of (1) comes from the loss of a derivatives. More
precisely, the standard energy estimate gives only the following:
d
dt
∥∥∂mx ψ(t)∥∥2L2x = 2{2λ3 + λ4 + 2(m − 1)λ6} Im
∫
T
ψ∂xψ · ∂mx ψ∂m+1x ψ dx
− 2λ5 Im
∫
T
ψ2
(
∂m+1x ψ
)2
dx+ l.o.t. (3)
Since the ﬁrst and second terms in the right hand side of (3) contain the (m + 1)-derivatives of ψ ,
we cannot control those factors in terms of the Hm norm of ψ . Therefore this estimate does not give
any information on the solution.
For the real line case, the unitary group {eit(∂2x +ν∂4x )}t∈R generated by the linear operator i∂2x + iν∂4x
gains extra smoothness in space variable, see Kenig, Ponce, and Vega [13]. Thanks to this smoothing
property for {eit(∂2x +ν∂4x )}t∈R , [23,11,24,12] overcome a loss of derivatives and guarantee the well-
posedness of (1) on R. Although the corresponding unitary group on T has some Strichartz type
estimate (see Moyua and Vega [21]), the unitary group does not have ﬁne properties such as the
local smoothing effect on R. Therefore it is not likely that the contraction mapping principle works
for (1) on T. This situation leads us to abandon making use of the property of the unitary group
{eit(∂2x +ν∂4x )}t∈R and take different approaches to this issue.
Let us return the estimate (3). If we contrive to eliminate the worst terms, we may obtain an
a priori estimate of solution. In this paper we take a hint from Kwon [17], we introduce the“modiﬁed”
energy:
[
Em(ψ)
]
(t) = ∥∥∂mx ψ(t)∥∥2L2x + ∥∥ψ(t)∥∥2L2x + Cm∥∥ψ(t)∥∥4m+2L2x
+ λ5
ν
Re
∫
T
(
∂m−1x ψ
)2
ψ2 dx+ 2λ3 + λ4 + 2(m − 1)λ6
4ν
∫
T
∣∣∂m−1x ψ∣∣2|ψ |2 dx
where Cm is a suﬃciently large constant depending only on m so that Em(ψ) is positive. Thanks to
the correction terms we can eliminate the worst factors in (3) and evaluate the Hm norm of the
solution ψ to (1) in terms of the Hm norm of the initial data φ. This is a crucial point in the proof of
Theorem 1.1.
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λ4 = −ν , λ5 = −ν/2 and λ6 = −2ν . In this case (1) has inﬁnitely many conservation quantities (see
Langer and Perline [18]). The ﬁrst three conservation quantities for (1) are given by
I0(ψ) = 1
2
∫
T
|ψ |2 dx,
I1(ψ) = 1
2
∫
T
|∂xψ |2 dx− 1
8
∫
T
|ψ |4 dx,
I2(ψ) = 1
2
∫
T
∣∣∂2xψ∣∣2 dx+ 34
∫
T
|ψ |2ψ∂2xψ dx+
1
8
∫
T
|ψ |2ψ∂2xψ dx
+ 5
8
∫
T
(∂xψ)
2ψ2 dx+ 3
4
∫
T
|∂xψ |2|ψ |2 dx+ 1
16
∫
T
|ψ |6 dx.
In general, the conservation quantities for (1) are expressed as
Im(ψ) = 1
2
∫
T
∣∣∂mx ψ∣∣2 +
∫
T
Q
(
ψ,ψ, . . . , ∂m−1x ψ,∂m−1x ψ
)
dx,
where Q is some polynomial in (ψ,ψ, . . . , ∂m−1x ψ,∂m−1x ψ) satisfying the inequality
∫ |Q |dx 
C‖ψ‖α
L2x
‖∂mx ψ‖βL2x for some α > 0 and 0< β < 2. Therefore combining the local existence Theorem 1.1
in Hm(T), the conservation laws Im(ψ)(t) = Im(ψ)(0) and Young’s inequality, we obtain the global
existence theorem for (1) in Hm(T):
Theorem 1.2. Assume λ1 = −1/2, λ2 = −3ν/8, λ3 = −3ν/2, λ4 = −ν , λ5 = −ν/2 and λ6 = −2ν . Then (1)
is globally well-posed in Hm(T), with m 4.
Finally we point out that we may well be able to extend Theorem 1.1 to the case where m is not
an integer combining our proof with the estimates for the fractional derivatives. In this paper we do
not touch on this issue.
The plan of this paper is as follows. Section 2 is devoted to the parabolic regularization associated
to (1). In Section 3, we introduce the modiﬁed energy and give an a priori estimate for the solution to
(1) and prove the existence of solution to (1). In Section 4 we give the proof of uniqueness and per-
sistent properties of solution to (1) and continuous dependence on the initial data associated to (1).
2. Parabolic regularization
In this section, we consider the parabolic regularization of (1) in Hm(T). We ﬁrst give the
Gagliardo–Nirenberg inequality for the periodic functions.
Lemma 2.1. Let l and m be integers satisfying 0 l m − 1 and let 2 p ∞. Then there exists a constant
C depending only on l, m and p such that for any ψ ∈ Hm(T),
∥∥∂ lxψ∥∥Lpx  C ×
⎧⎨
⎩
‖ψ‖1−α
L2x
‖∂mx ψ‖αL2x (1 lm − 1),
‖ψ‖1−α
L2x
‖∂mx ψ‖αL2x + ‖ψ‖L2x (l = 0),
where α = (l + 1/2− 1/p)/m. Especially, ‖∂ lxψ‖Lp  C‖ψ‖1−α2 ‖ψ‖αHm .x Lx x
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Next we consider the parabolic regularization of (1). To this end, we introduce the regularizing
sequence used in Bona and Smith [2]. Let ϕ ∈ C∞(R) be such that 0 ϕ(ξ) 1 for ξ ∈ R, ϕ(k)(0) = 0
for k ∈ N and ϕ(ξ) tends exponentially to 0 as |ξ | → ∞. We deﬁne for  ∈ (0,1],
φ(x) = 1√
2π
∑
n∈Z
ϕ(n)φˆ(n)einx.
Then, {φ}>0 ∈ H∞(T) and ‖φ − φ‖Hmx → 0 as  → 0. Furthermore, for any l 0,
‖φ‖Hm+lx  C
−l‖φ‖Hmx ,
‖φ − φ‖Hmx  C‖φ‖Hmx ,
‖φ − φ‖Hm−lx  C
l‖φ‖Hmx .
We consider the regularized problem of (1):
{
i∂tψ + ∂2xψ + (ν + i)∂4xψ =N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
)
,
ψ(0, x) = φ(x),
(4)
where ψ :R × T → C is an unknown function, and φ :T → C is a Bona–Smith approximation of φ.
For (4), we have the following lemma.
Lemma 2.2. Let m  3 be an integer. For any φ ∈ Hm(T), there exist a time T = T (,‖φ‖Hm ) > 0 and a
unique solution ψ of (4) satisfying
ψ ∈ C
([0, T), Hm(T)).
Proof. We shall prove (4) by using the Banach ﬁxed point theorem. Let {W(t)}t0 be a contraction
semi-group generated by the linear operator i∂2x + iν∂4x − ∂4x :
[
W(t)φ
]
(x) = 1√
2π
∑
n∈Z
φˆ(n)einx+(−in2+iνn4−n4)t .
Then, the initial value problem (4) is rewritten as the integral equation
ψ(t) = W(t)φ − i
t∫
0
W(t − τ )N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
)
(τ )dτ .
We put r = ‖φ‖Hmx . For T > 0, we deﬁne
XrT =
{
ψ ∈ C([0, T ]; Hm(T)) ∣∣∣ sup
t∈[0,T )
∥∥ψ(t)∥∥Hmx  2r
}
.
We shall show that the map
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t∫
0
W(t − τ )N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
)
(τ )dτ
is a contraction on XrT for choosing T suitably.
We easily see that
∥∥Φ(ψ)(t)∥∥Hmx  ‖φ‖Hmx +
t∫
0
∥∥W(t − τ )N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ )∥∥Hmx dτ . (5)
By Plancherel’s identity, we obtain
t∫
0
∥∥W(t − τ )N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ )∥∥Hmx dτ
=
t∫
0
{∑
n∈Z
〈n〉2m∣∣N̂ (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ ,n)e(−in2+iνn4−n4)(t−τ )∣∣2
}1/2
dτ
=
t∫
0
{∑
n∈Z
〈n〉2m−4∣∣N̂ (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ ,n)∣∣2〈n〉4e−2n4(t−τ )
}1/2
dτ

t∫
0
sup
n∈Z
{〈n〉2e−n4(t−τ )}∥∥N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ )∥∥Hm−2x dτ .
Since supn∈Z{〈n〉2e−n4(t−τ )} 1+ −1/2(t − τ )−1/2,
t∫
0
∥∥W(t − τ )N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ )∥∥Hmx dτ
 C
t∫
0
{
1+ −1/2(t − τ )−1/2}∥∥N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(τ )∥∥Hm−2x dτ
 C
(
t + −1/2t1/2) sup
t∈[0,T )
∥∥N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(t)∥∥Hm−2x . (6)
Collecting (5) and (6), we have
sup
t∈[0,T )
∥∥Φ(ψ)(t)∥∥Hmx  ‖φ‖Hmx + C(T + −1/2T 1/2) supt∈[0,T )
∥∥N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(t)∥∥Hm−2x .
By Sobolev’s embedding, we have
sup
t∈[0,T )
∥∥N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)(t)∥∥Hm−2x  C
(
1+ sup
t∈[0,T )
∥∥ψ(t)∥∥2Hmx
)
sup
t∈[0,T )
∥∥ψ(t)∥∥3Hmx .
6000 J. Segata / J. Differential Equations 252 (2012) 5994–6011Therefore,
sup
t∈[0,T )
∥∥Φ(ψ)(t)∥∥Hmx  r + C(T + −1/2T 1/2)(1+ r2)r3.
We can easily check that Φ(ψ) ∈ C([0, T ); Hm(T)). Therefore, by choosing T > 0 suﬃciently small
so that C(T + −1/2T 1/2 )(1+ r2)r2 < 1 we have ψ ∈ XrT . By a similar way, for ψ1 ,ψ2 ∈ XrT , we have
sup
t∈[0,T )
∥∥Φ(ψ1 )(t) − Φ(ψ2 )(t)∥∥Hmx  C(T + −1/2T 1/2)(1+ r2)r2 supt∈[0,T )
∥∥ψ1 (t) − ψ2 (t)∥∥Hmx
< sup
t∈[0,T )
∥∥ψ1 (t) − ψ2 (t)∥∥Hmx .
Consequently, we have that Φ is a contraction on XrT . The Banach ﬁxed point theorem implies the
unique existence of solution to (4) in XrT which completes the proof of Lemma 2.2. 
3. Modiﬁed energy
In this section, introducing the modiﬁed energy, we give a priori estimates for the solution to (4)
obtained by Lemma 2.2.
Let m 1 be an integer. We introduce the modiﬁed energy:
[
Em(ψ)
]
(t) = ∥∥∂mx ψ(t)∥∥2L2x + ∥∥ψ(t)∥∥2L2x + Cm∥∥ψ(t)∥∥4m+2L2x
+ λ5
ν
Re
∫
T
(
∂m−1x ψ
)2
ψ2 dx+ 2λ3 + λ4 + 2(m − 1)λ6
4ν
∫
T
∣∣∂m−1x ψ∣∣2|ψ |2 dx,
where Cm is a suﬃciently large constant depending only on m so that Em(ψ) is positive. This is
possible because of the following reason. The Gagliardo–Nirenberg inequality (Lemma 2.1) implies
λ5
ν
Re
∫
T
(
∂m−1x ψ
)2
ψ2 dx+ 2λ3 + λ4 + 2(m − 1)λ6
4ν
∫
T
∣∣∂m−1x ψ∣∣2|ψ |2 dx
−1
2
∥∥∂mx ψ(t)∥∥2L2x − 12
∥∥ψ(t)∥∥2L2x − Dm∥∥ψ(t)∥∥4m+2L2x
with some positive constant Dm depending only on ν , λ3, λ4, λ5, λ6 and m. Hence we obtain
[
Em(ψ)
]
(t) 1
2
∥∥∂mx ψ(t)∥∥2L2x + 12
∥∥ψ(t)∥∥2L2x + (Cm − Dm)∥∥ψ(t)∥∥4m+2L2x .
Choosing Cm so large that Cm > Dm , we have [Em(ψ)](t) > 0. We notice that
1
2
∥∥ψ(t)∥∥2Hmx  [Em(ψ)](t) C(∥∥ψ(t)∥∥4mL2x + 1)∥∥ψ(t)∥∥2Hmx . (7)
Lemma 3.1. Let ψ ∈ C([0, T), Hm(T)) be a solution to (4). Then, there exist positive constants C and T =
T (‖φ‖Hmx ) which are independent of  such that∥∥ψ(t)∥∥Hmx  C(T ,‖φ‖L2x )‖φ‖Hmx ,
for any t ∈ [0, T ).
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the inner product of the resultant equation with ∂mx ψ , and adding the complex conjugation of the
produce, we obtain
d
dt
∥∥∂mx ψ(t)∥∥2L2x + 2∥∥∂m+2x ψ(t)∥∥2L2x
= 2 Im
∫
T
∂mx N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
)
∂mx ψ dx. (8)
Using the Leibniz rule, we obtain
∂mx N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
)
= {(2λ3 +mλ6)ψ∂xψ + (λ4 +mλ6)ψ∂xψ}∂m+1x ψ
+ (λ4 + 2mλ5)ψ∂xψ∂m+1x ψ + λ6|ψ |2∂m+2x ψ + λ5ψ2 ∂m+2x ψ
+ P1
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
, (9)
where P1 is a linear combination of the cubic terms ∂
j1
x ψ∂
j2
x ψ∂
j3
x ψ with j1 + j2 + j3 = m, or
j1 + j2 + j3 =m + 2 and j1 + j2 + j3 m, and the quintic terms ∂ j1x ψ∂ j2x ψ∂ j3x ψ∂ j4x ψ∂ j5x ψ with
j1 + j2 + j3 + j4 + j5 =m. Hence the Hölder and Gagliardo–Nirenberg (Lemma 2.1) inequalities imply
‖P1‖L2x  C
(‖ψ‖(2m−1)/mL2x ‖ψ‖(m+1)/mHmx + ‖ψ‖(4m−2)/mL2x ‖ψ‖(m+2)/mHmx + ‖ψ‖(2m−3)/mL2x ‖ψ‖(m+3)/mHmx )
 C
[
Em(ψ)
]
(t)3/2. (10)
In the last inequality we used the inequalities
‖ψ‖L2x 
[
Em(ψ)
]
(t)α for any
1
4m + 2  α 
1
2
,
‖ψ‖Hmx 
[
Em(ψ)
]
(t)1/2.
Substituting (9) and (10) into (8), we have
d
dt
∥∥∂mx ψ(t)∥∥2L2x + 2∥∥∂m+2x ψ(t)∥∥2L2x
= 2(2λ3 +mλ6) Im
∫
T
ψ∂xψ∂
m
x ψ∂
m+1
x ψ dx
+ 2(λ4 +mλ6) Im
∫
T
ψ∂xψ∂
m
x ψ∂
m+1
x ψ dx
+ 2(λ4 + 2mλ5) Im
∫
T
ψ∂xψ∂
m
x ψ∂
m+1
x ψ dx
+ 2λ6 Im
∫
|ψ |2∂mx ψ∂m+2x ψ dx+ 2λ5 Im
∫
ψ2 ∂
m
x ψ∂
m+2
x ψ dxT T
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∫
T
P1
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
∂mx ψ dx
≡ I1 + I2 + I3 + I4 + I5 + I6. (11)
The inequality (10) and the Schwarz inequality imply
|I6| ‖P1‖L2x
∥∥∂mx ψ∥∥L2x  C[Em(ψ)](t)2.
An integration by parts yields
|I3| C
[
Em(ψ)
]
(t)2.
We can express I2, I4 and I5 in terms of I1 by using an integration by parts:
I2 = 2(λ4 +mλ6) Im
∫
T
ψ∂xψ∂
m
x ψ∂
m+1
x ψ dx+ R1
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
,
I4 = −4λ6 Im
∫
T
ψ∂xψ∂
m
x ψ∂
m+1
x ψ dx+ R2
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
,
I5 = −2λ5 Im
∫
T
ψ2
(
∂m+1x ψ
)2
dx+ R3
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
,
where R1, R2 and R3 satisfy
|R1| + |R2| + |R3| C
[
Em(ψ)
]
(t)2.
Substituting the above equations into (11), we have
d
dt
∥∥∂mx ψ(t)∥∥2L2x + 2∥∥∂m+2x ψ(t)∥∥2L2x
= 2{2λ3 + λ4 + 2(m − 1)λ6} Im∫
T
ψ∂xψ · ∂mx ψ∂m+1x ψ dx
− 2λ5 Im
∫
T
ψ2
(
∂m+1x ψ
)2
dx+ R4
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
, (12)
where R4 satisﬁes
|R4| C
[
Em(ψ)
]
(t)2.
On the other hand, from Eq. (1), we have
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Re
∫
T
(
∂m−1x ψ
)2
ψ2 dx
= 2Re
∫
T
∂m−1x ψ∂t∂m−1x ψ · ψ2 dx+ 2Re
∫
T
(
∂m−1x ψ
)2
ψ∂tψ dx
= −2 Re
∫
T
∂m−1x ψ∂m+3x ψ · ψ2 dx− 2 Im
∫
T
∂m−1x ψ∂m+1x ψ · ψ2 dx
− 2ν Im
∫
T
∂m−1x ψ∂m+3x ψ · ψ2 dx
+ 2 Im
∫
T
∂m−1x ψ∂m−1x N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
) · ψ2 dx
− 2 Re
∫
T
(
∂m−1x ψ
)2
ψ∂
4
xψ dx+ 2 Im
∫
T
(
∂m−1x ψ
)2
ψ · ∂2xψ dx
+ 2ν Im
∫
T
(
∂m−1x ψ
)2
ψ · ∂4xψ dx
− 2 Im
∫
T
(
∂m−1x ψ
)2
ψ ·N
(
ψ,ψ, . . . , ∂
2
xψ, ∂
2
xψ
)
dx
≡ I7 + I8 + I9 + I10 + I11 + I12 + I13 + I14. (13)
An integration by parts yields
I7 = −2 Re
∫
T
(
∂m+1x ψ
)2
ψ2 dx+ R5
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
,
I9 = −2ν Im
∫
T
(
∂m+1x ψ
)2
ψ2 dx+ R6
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
,
where R5 and R6 satisfy
|R5| + |R6| C‖ψ‖(2m−3)/mL2x ‖ψ‖
(2m+3)/m
Hmx
 C
[
Em(ψ)
]
(t)2.
Integrating by parts, we also obtain
|I8| + |I12| C
∥∥ψ‖(2m−1)/mL2x ‖ψ∥∥(2m+1)/mHmx  C[Em(ψ)](t)2,
|I11| + |I13| C‖ψ‖(2m−3)/mL2x ‖ψ‖
(2m+3)/m
Hmx
 C
[
Em(ψ)
]
(t)2,
|I10| + |I14| C
(‖ψ‖4L2x‖ψ‖2Hmx + ‖ψ‖(6m−1)/mL2x ‖ψ‖(2m+1)/mHmx + ‖ψ‖(4m−2)/mL2x ‖ψ‖(2m+2)/mHmx )
 C
[
Em(ψ)
]
(t)2.
Substituting the above equations into (13), we have
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dt
Re
∫
T
(
∂m−1x ψ
)2
ψ2 dx = −2ν Im
∫
T
(
∂m+1x ψ
)2
ψ2 dx+ 2 Re
∫
T
(
∂m+1x ψ
)2
ψ2 dx
+ R7
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
, (14)
where R7 satisﬁes
|R7| C
[
Em(ψ)
]
(t)2.
By an argument similar to (14), we obtain
d
dt
∫
T
∣∣∂m−1x ψ∣∣2|ψ |2 dx = −8ν Im
∫
T
ψ∂xψ · ∂mx ψ∂m+1x ψ dx− 2
∫
T
∣∣∂m+1x ψ ∣∣2|ψ |2 dx
+ R8
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
, (15)
where R8 satisﬁes
|R8| C
[
Em(ψ)
]
(t)2.
Finally, we obtain
d
dt
∥∥ψ(t)∥∥4m+2L2x + 2(2m + 1)∥∥ψ(t)∥∥4mL2x ∥∥∂2xψ(t)∥∥2L2x  C[Em(ψ)](t)2. (16)
Collecting (13)–(15), and (16), we have
d
dt
Em(t) + 2
∥∥∂m+2x ψ(t)∥∥2L2x + 2(2m + 1)∥∥ψ(t)∥∥4mL2x ∥∥∂2xψ(t)∥∥2L2x
= −2λ5
ν
 Re
∫
T
(
∂m+1x ψ
)2
ψ2 dx−
2λ3 + λ4 + 2(m − 1)λ6
2ν

∫
T
∣∣∂m+1x ψ∣∣2|ψ |2 dx
+ R9
(
ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
, (17)
where R9 satisﬁes
|R9| C
[
Em(ψ)
]
(t)2.
Since the sum of the ﬁrst and second terms in the right hand side of (17) is bounded by
‖∂m+2x ψ‖2L2x + C[Em(ψ)](t)
2, we obtain
d
dt
[
Em(ψ)
]
(t) + ∥∥∂m+2x ψ(t)∥∥2L2x + 2(2m + 1)∥∥ψ(t)∥∥4mL2x ∥∥∂2xψ(t)∥∥2L2x  C[Em(ψ)](t)2.
Therefore
d
dt
[
Em(ψ)
]
(t) C
[
Em(ψ)
]
(t)2.
We note that the constant C is independent of  ∈ (0,1]. From the above inequality we have
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Em(ψ)
]
(t) [Em(ψ)](0)
1− Ct[Em(ψ)](0) ,
for 0 t <min{T,C−1[Em(ψ)](0)−1}. Combining this inequality, ‖φ‖Hm  ‖φ‖Hm for any  ∈ (0,1]
and (7), we see
‖ψ‖2Hmx 
C(‖φ‖4m
L2x
+ 1)‖φ‖2Hmx
1− Ct(‖φ‖4m
L2x
+ 1)‖φ‖2Hmx
,
for 0 t <min{T ,C−1(‖φ‖4mL2x + 1)
−1‖φ‖−2Hmx }. Let T ≡ (2C)−1(‖φ‖
4m
L2x
+ 1)−1‖φ‖−2Hmx . Then for any 0<
t <min{T, T }, we have
‖ψ‖2Hmx  2C
(‖φ‖4m
L2x
+ 1)‖φ‖2Hmx .
If T < T , we can apply Lemma 2.2 to extend the solution in the same class to the interval [0, T ).
Therefore we obtain the desired result. 
Using Lemma 3.1 we obtain the existence of the solution to (1):
Lemma 3.2. Let m 4 be an integer. For any φ ∈ Hm(T), there exist a time T = T (‖φ‖Hm ) > 0 and a solution
ψ of (1) satisfying
ψ ∈ L∞([0, T ); Hm(T)).
Proof. Let φ ∈ Hm(T) and let {φ} ⊂ H∞(T) be a Bona–Smith approximation of φ. Then by
Lemma 2.2 there exists a unique solution ψ ∈ C([0, T); Hm(T)) to (4). Lemma 3.1 yields that
there exists T = T (‖φ‖Hmx ) > 0 which is independent of  such that {ψ} is uniformly bounded
in L∞(0, T ; Hm(T)) with respect to  ∈ (0,1]. By a standard limiting argument, it is inferred that
a subsequence of ψ converges in L∞(0, T ; Hm(T)) weak∗ to a solution ψ of (1) such that ψ ∈
L∞(0, T ; Hm(T)). We omit the details. 
4. Proof of Theorem 1.1
In the preceding sections, we proved the existence of the solution to (1). In this section, we com-
plete the proof of Theorem 1.1 by showing the following three assertions:
(i) uniqueness of the solution,
(ii) persistent properties of the solution,
(iii) continuous dependence of the solution upon initial data.
4.1. Uniqueness
Let ψ1 and ψ2 be two solutions to (1) with the same initial data satisfying supt∈[0,T ) ‖ψ j(t)‖Hmx <∞, j = 1,2. We shall show that ψ1 ≡ ψ2 for t ∈ [0, T ). To prove this, it suﬃces to show that
ψ = ψ2 − ψ1 satisﬁes ‖ψ(t)‖H1x ≡ 0 because this identity and ψ(0) ≡ 0 imply ψ ≡ 0. The reason
we prove ‖ψ(t)‖H1x ≡ 0 instead of driving ‖ψ(t)‖L2x ≡ 0 is that the corresponding modiﬁed energy for
L2 involves the anti-derivatives of ψ .
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d
dt
∥∥ψ(t)∥∥2L2x = 2 Im
∫
T
{N (ψ + ψ1,ψ + ψ1, . . . , ∂2xψ + ∂2xψ1, ∂2xψ + ∂2xψ1)
−N (ψ1,ψ1, . . . , ∂2xψ1, ∂2xψ1)}ψ dx
 C
(‖ψ1‖2H2x + ‖ψ1‖4H2x + ‖ψ2‖2H2x + ‖ψ2‖4H2x )‖ψ‖2H1x , (18)
d
dt
∥∥∂xψ(t)∥∥L2x = 2 Im
∫
T
∂x
{N (ψ + ψ1,ψ + ψ1, . . . , ∂2xψ + ∂2xψ1, ∂2xψ + ∂2xψ1)
−N (ψ1,ψ1, . . . , ∂2xψ1, ∂2xψ1)}∂xψ dx
= 2(2λ3 + λ4) Im
∫
T
∂xψ1ψ1 · ∂2xψ∂xψ dx− 2λ5 Im
∫
T
ψ21
(
∂2xψ
)2
dx
+ R10
(
ψ1,ψ1, . . . , ∂
3
xψ1, ∂
3
xψ1,ψ2,ψ2, . . . , ∂
3
xψ2, ∂
3
xψ2
)
, (19)
where R10 satisﬁes
|R10| C
(‖ψ1‖2H3x + ‖ψ1‖4H3x + ‖ψ2‖2H3x + ‖ψ2‖4H3x )‖ψ‖2H1x .
On the other hand, a direct calculation yields
2λ3 + λ4
4ν
d
dt
∫
T
|ψ1|2|ψ |2 dx = −2(2λ3 + λ4) Im
∫
T
∂xψ1ψ1 · ∂2xψ∂xψ dx
+ R11
(
ψ1,ψ1, . . . , ∂
3
xψ1, ∂
3
xψ1,ψ2,ψ2, . . . , ∂
3
xψ2, ∂
3
xψ2
)
, (20)
λ5
ν
d
dt
Re
∫
T
ψ21 (ψ)
2 dx = 2λ5 Im
∫
T
ψ21
(
∂2xψ
)2
dx
+ R12
(
ψ1,ψ1, . . . , ∂
3
xψ1, ∂
3
xψ1,ψ2,ψ2, . . . , ∂
3
xψ2, ∂
3
xψ2
)
, (21)
where R11 and R12 satisfy
|R11| + |R12| C
(‖ψ1‖2H3x + ‖ψ1‖6H3x + ‖ψ2‖2H3x + ‖ψ2‖6H3x )‖ψ‖2H1x .
Here we set
[
E˜1(ψ)
]
(t) = ∥∥∂xψ(t)∥∥2L2x + C˜1∥∥ψ(t)∥∥2L2x + 2λ3 + λ44ν
∫
T
|ψ1|2|ψ |2 dx+ λ5
ν
Re
∫
T
ψ21 (ψ)
2 dx,
where C˜1 is a suﬃciently large constant depending only on m, supt∈[0,T ) ‖ψ1(t)‖H1x and
supt∈[0,T ) ‖ψ2(t)‖H1x so that E˜1(ψ) is positive. Then, from (18)–(20) and (21), we obtain
d [
E˜1(ψ)
]
(t) C
(‖ψ1‖2H3 + ‖ψ1‖6H3 + ‖ψ2‖2H3 + ‖ψ2‖6H3)‖ψ‖2L2  C[E˜1(ψ)](t).dt x x x x x
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[
E˜1(ψ)
]
(t)
[
E˜1(ψ)
]
(0)ect . (22)
Since [E˜m(ψ)](0) = 0, Gronwall’s lemma yields [E˜1(ψ)](t) ≡ 0. Combination of this identity and the
equality 0 ‖ψ(t)‖H1x  [E˜1(ψ)](t) implies ψ ≡ 0, which completes the proof of the uniqueness.
4.2. Persistence of solution
To prove the persistent property of the solution to (1) which is obtained by Lemma 3.2, we employ
the Bona–Smith approximation. We denote φ the Bona–Smith approximation of φ.
Lemma 4.1. Let φ ∈ Hm(T) with m  3 and let ψα , ψ denote the solution to (1) corresponding to the initial
data φα and φ , respectively. Then there exists C = C(T ,‖φ‖Hmx ) > 0 such that for 0 α <   1,
sup
t∈[0,T )
∥∥ψα(t) − ψ(t)∥∥Hmx  C(m−3 + ‖φ − φα‖Hmx + ‖φ − φ‖Hmx ). (23)
Proof. We put ψ = ψα − ψ . We ﬁrst evaluate ‖ψ(t)‖H1x . Replacing ψ = ψ1 − ψ2 by ψ = ψα − ψ in
(22), we have
[
E˜1(ψ)
]
(t)
[
E˜1(ψ)
]
(0)eCt, (24)
for t ∈ [0, T ), where
[
E˜1(ψ)
]
(t) = ∥∥∂xψ(t)∥∥2L2x + C˜1∥∥ψ(t)∥∥2L2x + 2λ3 + λ44ν
∫
T
|ψα|2|ψ |2 dx+ λ5
ν
Re
∫
T
ψ2α(ψ)
2 dx,
C˜1 is a suﬃciently large constant depending only on m, supt∈[0,T ) ‖ψ(t)‖Hmx 1 so that E˜1(ψ) is positive
and C in (24) depends only on supt∈[0,T ) ‖ψ(t)‖H3x . Since
∥∥ψ(t)∥∥2H1x  [E˜1(ψ)](t), (25)[
E˜1(ψ)
]
(0) C‖φα − φ‖2H1x  C
(‖φ − φα‖2H1x + ‖φ − φ‖2H1x )
 C
(
α2(m−1) + 2(m−1)) C2(m−1), (26)
the inequalities (24), (25) and (26) lead to the inequality
∥∥ψ(t)∥∥H1x  Cm−1. (27)
Next, we evaluate ‖ψ(t)‖Hmx . By an argument similar to (8),
d
dt
∥∥∂mx ψ(t)∥∥2L2x = 2 Im
∫
T
∂mx
{N (ψ + ψ,ψ + ψ, . . . , ∂2xψ + ∂2xψ, ∂2xψ + ∂2xψ)
−N (ψ,ψ, . . . , ∂2xψ, ∂2xψ)}∂mx ψ dx. (28)
1 By the inequality ‖φ‖Hmx  ‖φ‖Hm and Lemma 3.2, we can choose C˜1 independently of α.
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∂mx
{N (ψ + ψ,ψ + ψ, . . . , ∂2xψ + ∂2xψ, ∂2xψ + ∂2xψ)−N (ψ,ψ . . . , ∂2xψ, ∂2xψ)}
= {(2λ3 +mλ6)ψα∂xψα + (λ4 +mλ6)ψα∂xψα}∂m+1x ψ + (λ4 + 2mλ5)ψα∂xψα∂m+1x ψ
+ λ6|ψα|2∂m+2x ψ + λ5ψ2α∂m+2x ψ
+ P2
(
ψα,ψα, . . . , ∂
m
x ψα,∂
m
x ψα,ψ,ψ, . . . , ∂
m+2
x ψ, ∂
m+2
x ψ
)
, (29)
and
P2
(
ψα,ψα, . . . , ∂
m
x ψα,∂
m
x ψα,ψ,ψ, . . . , ∂
m+2
x ψ, ∂
m+2
x ψ
)
= {(2λ3 +mλ6)(ψα∂xψ + ∂xψψ) + (λ4 +mλ6)ψα∂xψ + ∂xψψ}∂m+1x ψ
+ (λ4 + 2mλ5)(ψα∂xψ + ∂xψψ)∂m+1x ψ + λ6(ψαψ + ψψ)∂m+2x ψ
+ λ5(ψαψ + ψψ)∂m+2x ψ + P3
(
ψα, . . . , ∂
m
x ψα,ψ, . . . , ∂
m
x ψ
)
,
where P3 satisﬁes
‖P3‖L2x  C
(‖ψα‖2Hmx + ‖ψα‖4Hmx + ‖ψ‖2Hmx + ‖ψ‖4Hmx )‖ψ‖Hmx  C‖ψ‖Hmx . (30)
Combining the inequalities (27) and (30) and ‖ψ‖Hm+2x  C−2‖ψ‖Hmx , we have
‖P2‖L2x  C
(‖ψα‖H1x + ‖ψ‖H1x )‖ψ‖Hm+2x ‖ψ‖H1x + C‖ψ‖Hmx  Cm−3 + C‖ψ‖Hmx .
The identity (29) and a standard energy estimate yield
d
dt
∥∥∂mx ψ(t)∥∥2L2x
= 2{2λ3 + λ4 + 2(m − 1)λ6} Im∫
T
∂xψαψα∂
m+1
x ψ∂
m
x ψ dx− 2λ5 Im
∫
T
ψ2α
(
∂m+1x ψ
)2
dx
+ R13
(
ψα,ψα, . . . , ∂
m
x ψα,∂
m
x ψα,ψ,ψ, . . . , ∂
m+2
x ψ, ∂
m+2
x ψ
)
, (31)
where R13 satisﬁes
|R13| Cm−3 + C‖ψ‖2Hmx .
On the other hand, a direct calculation yields
2λ3 + λ4 + 2(m − 1)λ6
4ν
d
dt
∫
T
|ψα |2
∣∣∂m−1x ψ∣∣2 dx
= −2{2λ3 + λ4 + 2(m − 1)λ6} Im∫
T
∂xψαψα∂
m+1
x ψ∂
m
x ψ dx
+ R14
(
ψα,ψα, . . . , ∂
m
x ψα,∂
m
x ψα,ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
(32)
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λ5
ν
d
dt
Re
∫
T
ψ2α
(
∂m−1x ψ
)2
dx
= 2λ5 Im
∫
T
ψ2α
(
∂m+1x ψ
)2
dx+ R15
(
ψα,ψα, . . . , ∂
m
x ψα,∂
m
x ψα,ψ,ψ, . . . , ∂
m
x ψ, ∂
m
x ψ
)
,
(33)
where R14 and R15 satisfy
|R14| + |R15| C‖ψ‖2Hmx .
From (31), (32) and (33), we obtain
d
dt
{∥∥∂mx ψ(t)∥∥2L2x + 2λ3 + λ4 + 2(m − 1)λ64ν
∫
T
|ψα|2
∣∣∂m−1x ψ∣∣2 dx+ λ5ν Re
∫
T
ψ2α
(
∂m−1x ψ
)2
dx
}
 C‖ψ‖2Hmx + C
m−3. (34)
Here we set
[
E˜m(ψ)
]
(t) =
∫
T
∣∣∂mx ψ∣∣2 dx+ C˜m
∫
T
|ψ |2 dx+
∫
T
|ψα|2
∣∣∂m−1x ψ∣∣2 dx+ Re
∫
T
ψ2α
(
∂m−1x ψ
)2
dx,
where C˜m is a suﬃciently large constant depending only on m, supt∈[0,T ) ‖ψ(t)‖Hmx so that E˜m(ψ) is
positive. Then the inequality (34) is expressed in terms of E˜m:
d
dt
[
E˜m(ψ)
]
(t) C
[
E˜m(ψ)
]
(t) + Cm−3.
Therefore Gronwall’s lemma leads to the inequality
[
E˜m(ψ)
]
(t) C
([
E˜m(ψ)
]
(0) + m−3)eCT .
Therefore we have (23) which completes Lemma 4.1. 
Let us prove the persistent property of the solution to (1). Let φ ∈ Hm(T) and {φ}>0 ⊂ H∞(T)
be a Bona–Smith approximation of φ. Lemma 3.2 yields there exist T = T (‖φ‖Hmx ) and a unique
solution ψ(t) ∈ L∞(0, T ; H∞(T)) to (1). Since ‖φ‖Hm  ‖φ‖Hm , we can choose T independently
of  . By Lemma 4.1, {ψ(t)} is Cauchy sequence in C(0, T ; Hm(T)). Consequently we see that
φ ∈ C(0, T ; Hm(T)). This guarantees the persistent property of the solution in Theorem 1.1.
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As the ﬁnal step of the proof of Theorem 1.1, we prove that the data-to-solution map St : Hm(T) →
C([0, T ); Hm(T)) (φ 
→ ψ(t)) associated to (1) is continuous. To this end, we shall prove the following:
Let φ ∈ Hm(T). For any η > 0 there exists δ > 0 such that if φ˜ ∈ Hm(T) satisﬁes
‖φ − φ˜‖Hmx < δ,
then
sup
t∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx < η.
Let {φ}>0 and {φ˜}>0 be the Bona–Smith approximations of φ and φ˜, respectively. By the triangle
inequality, we have
sup
t∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx  supt∈[0,T )
∥∥St(φ) − St(φ)∥∥Hmx + supt∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx
+ sup
t∈[0,T )
∥∥St(φ˜) − St(φ˜)∥∥Hmx . (35)
Letting α tend to 0 in (23), we have
sup
t∈[0,T )
∥∥St(φ) − St(φ)∥∥Hmx  C(m−3 + ‖φ − φ‖Hmx ), (36)
sup
t∈[0,T )
∥∥St(φ˜) − St(φ˜)∥∥Hmx  C(m−3 + ‖φ˜ − φ˜‖Hmx ). (37)
By a similar argument as the derivation of (23), we obtain
sup
t∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx  C(m−3 + ‖φ − φ˜‖Hmx ).
Combining the above inequality with the triangle inequality
‖φ − φ˜‖Hmx  ‖φ − φ‖Hmx + ‖φ − φ˜‖Hmx + ‖φ˜ − φ˜‖Hmx ,
we have
sup
t∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx  C(m−3 + ‖φ − φ‖Hmx + ‖φ − φ˜‖Hmx + ‖φ˜ − φ˜‖Hmx ). (38)
Substituting (36), (37) and (38) into (35), we obtain
sup
t∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx  C(m−3 + ‖φ − φ‖Hmx + ‖φ − φ˜‖Hmx + ‖φ˜ − φ˜‖Hmx ). (39)
We ﬁrst choose δ > 0 so that Cδ < η/4. Since φ → φ and φ˜ → φ˜ in Hm as  → 0, there exists 0 > 0
such that for 0<   0,
‖φ − φ‖Hmx <
η
, ‖φ˜ − φ˜‖Hmx <
η
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m−3
0 < η/4, we have that if φ˜ ∈ Hm(T) satisﬁes ‖φ −
φ˜‖Hmx < δ, then taking 0<   0 in (39), we have
sup
t∈[0,T )
∥∥St(φ) − St(φ˜)∥∥Hmx < η4 + η4 + η4 + η4 = η.
The proof of Theorem 1.1 is now complete.
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